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ON THE SUPERSINGULAR REDUCTION OF K3 SURFACES
WITH COMPLEX MULTIPLICATION
KAZUHIRO ITO
Abstract. We study the good reduction modulo p of K3 surfaces with complex
multiplication. If a K3 surface with complex multiplication has good reduction,
we calculate the Picard number and the height of the formal Brauer group of the
reduction. Moreover, if the reduction is supersingular, we calculate its Artin invariant
under some assumptions. Our results generalize some results of Shimada for K3
surfaces with Picard number 20. Our methods rely on the main theorem of complex
multiplication for K3 surfaces by Rizov, an explicit description of the Breuil-Kisin
modules associated with Lubin-Tate characters due to Andreatta, Goren, Howard,
and Madapusi Pera, and the integral comparison theorem recently established by
Bhatt, Morrow, and Scholze.
1. Introduction
Let XC be a projective K3 surface over C. Recall that a K3 surface X over a field
is a projective smooth surface with trivial canonical bundle satisfying H1(X,OX) = 0.
Let
T (XC) := Pic(XC)
⊥ ⊂ H2(XC,Z(1))
be the transcendental part of the singular cohomology, which has the Z-Hodge struc-
ture coming from H2(XC,Z(1)). Let
EndHdg(T (XC))
be the Z-algebra of Z-linear endomorphisms on T (XC) preserving the Z-Hodge struc-
ture on it.
Let F be a totally real number field. Let E be a totally imaginary quadratic ex-
tension of F . (Such field E is called a CM field.) The K3 surface XC is said to have
complex multiplication (CM) by E if the Q-algebra
E(XC) := EndHdg(T (XC))⊗Z Q
is isomorphic to E and T (XC)⊗Z Q is a one-dimensional E(XC)-vector space. In the
rest of this introduction, we fix a projective K3 surface XC over C with CM by E.
We fix an isomorphism E(XC) ≃ E. Then, the canonical morphism
ǫXC : E(XC)→ EndC(H2,0(XC)) ≃ C
gives an embedding E →֒ C. By this embedding, we consider E as a subfield of C. It
is known that XC has a model XK over a number field K ⊂ C which contains E; see
[28, Theorem 4] and [29, Corollary 3.9.4].
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We fix a prime number p and a finite place v of K whose residue characteristic is p.
Recall that we have extensions of fields
Q ⊂ F ⊂ E ⊂ K ⊂ C
with [E : F ] = 2. Let p, q be the finite places of E, F below v, respectively. We
denote the completion of K at v by Kv, the valuation ring of Kv by OKv , the residue
field of Kv by k(v), and an algebraic closure of k(v) by k(v). Similarly, we use the
same notation Ep, OEp , k(p), Fq, OFq, k(q) for p and q.
It is conjectured that XK has potential good reduction at v, i.e. after replacing Kv by
a finite extension of it, there exists a proper smooth algebraic space X over SpecOKv
whose generic fiber X ⊗OKv Kv is isomorphic to XKv := XK ⊗K Kv. For sufficient
conditions for XK to have potential good reduction at v, see Remark 1.7. In this
paper, we assume that there exists such an algebraic space X over SpecOKv , and
study the geometric special fiber of X , which is denoted by
Xv := X ⊗OKv k(v).
We remark that Xv is a K3 surface over k(v).
Our first main result is the calculation of the Picard number of Xv and the height
of the formal Brauer group of Xv. (For the formal Brauer groups of K3 surfaces in
characteristic p, see Section 3.)
Theorem 1.1. (1) If q splits in E, the Picard number of Xv is equal to 22− [E :
Q], and the height of the formal Brauer group of Xv is [Ep : Qp].
(2) If q does not split in E (i.e. q is either inert or ramified in E), the Picard
number of Xv is 22, and the height of the formal Brauer group of Xv is ∞. In
this case, Xv is a supersingular K3 surface over k(v).
Since dimQ T (XC)⊗ZQ = [E : Q], the Picard number of XC is equal to 22− [E : Q].
Theorem 1.1 shows if q splits in E, the Picard number does not jump in specialization.
On the other hand, if q does not split in E, the Picard number always jumps in
specialization.
Assume that q does not split in E. Then Pic(Xv) endowed with the intersection
product is a lattice of rank 22 by Theorem 1.1 (2). The determinant of the matrix
representation of the intersection product is denoted by disc Pic(Xv). We call it the
discriminant of Pic(Xv). It is known that disc Pic(Xv) is of the form −p2a for an
integer 1 ≤ a ≤ 10; see [30, Proposition 1 in Section 8], [30, Theorem in Section 8],
and [13, Chapter 17, Proposition 2.19]. The integer a is called the Artin invariant of
the supersingular K3 surface Xv.
Our second main result is the calculation of the Artin invariant of Xv under some
assumptions on the discriminant of the Picard group and the endomorphism algebra
of the Hodge structure.
Theorem 1.2. Assume that q does not split in E, i.e. the K3 surface Xv is super-
singular. Moreover, we assume that both of the following conditions hold:
• The discriminant disc Pic(XC) of the lattice Pic(XC) is not divisible by p.
• The isomorphism E(XC) ≃ E induces an isomorphism
EndHdg(T (XC))⊗Z Z(p) ≃ OE ⊗Z Z(p),
where OE is the ring of integers of E.
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Then the Artin invariant of Xv is equal to [k(q) : Fp].
The assumptions of Theorem 1.2 hold for all but finitely many prime numbers p. It
is well-known that the first assumption does not always hold. For K3 surfaces which
do not satisfy the second assumption, see Example 9.8. In Example 9.8, we also show
that the conclusion of Theorem 1.2 is not true in general.
Remark 1.3. Theorem 1.1 is an analogue of a well-known result for elliptic curves
with CM ; an elliptic curve C over C which has CM by an imaginary quadratic field
E is defined over a number field K, it has potential good reduction at every finite
place of K, and the good reduction of C in characteristic p > 0 is ordinary (resp.
supersingular) if and only if p splits (resp. does not split) in E. (See [20, Chapter 13,
Theorem 12] for example.)
Remark 1.4. Charles studied the behavior of specialization at a finite place of the
Picard groups of K3 surfaces over number fields [9, Theorem 1].
Remark 1.5. A projective K3 surface XC over C with Picard number 20 has CM
by an imaginary quadratic field E; see [13, Chapter 3, Remark 3.10]. Hence XC has a
model XK over a number field K. Shimada determined when the reduction of XK in
characteristic p is supersingular and proved that its Artin invariant is equal to 1 under
the assumption that p does not divide disc Pic(XC) and p 6= 2; see [34, Proposition 5.5]
and [35, Theorem 1]. In Proposition 8.4, we shall show that Shimada’s assumptions
imply the assumptions of Theorem 1.2. Therefore, our results imply the results of
Shimada. Our proofs and Shimada’s proofs are completely different. Note that we
do not exclude the case p = 2 in this paper. By applying our results, we can prove
that the results of Shimada also hold in the case p = 2; see Theorem 8.3 for details.
We also remark that Sch
..
utt showed that if p is inert in E, the reduction of XK in
characteristic p is supersingular, where p is any prime number (including p = 2); see
[31, Proposition 4.1].
Remark 1.6. A projective K3 surface XC over C which has an automorphism f ∈
Aut(XC) such that the order of the induced map f
∗ ∈ Aut(T (XC)) is N with φ(N) =
rankZ T (XC) has CM by the cyclotomic field Q(ζN), and we have EndHdg(T (XC)) ≃
OQ(ζN ) = Z[ζN ]. Here ζN ∈ C is a primitive N -th root of unity and φ is Euler’s totient
function. For such a K3 surface XC, Theorem 1.1 and Theorem 1.2 were proved by
Jang when p 6= 2; see [15, Theorem 2.3], [16, Corollary 3.3].
Remark 1.7. For a projective K3 surface XK over a number field K ⊂ C such that
XC := XK ⊗K C has CM , it is conjectured that XK has potential good reduction at
every finite place v of K. Let v be a finite place of K with residue characteristic p. In
[24], Matsumoto proved that XKv has potential good reduction when XKv satisfies at
least one of the following conditions:
• XKv admits an ample line bundle L with p > (L )2 + 4.
• p ≥ 5 and XKv admits an elliptic fibration with a section.
• p ≥ 5 and the Picard number ρ(XKv) of XKv satisfies 12 ≤ ρ(XKv) ≤ 20.
For details, see [24, Theorem 6.3] and its proof. (See also [14, Theorem 2.5].)
Let us explain the outline of the proof of Theorem 1.1 and Theorem 1.2.
We first prove Theorem 1.1 using the main theorem of complex multiplication for
K3 surfaces proved by Rizov [29, Corollary 3.9.2]. (Similar arguments can be found
in Taelman’s paper; see the proof of [37, Proposition 25].)
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For the proof of Theorem 1.2, we shall give an explicit form of the F -crystal
H2cris(Xv/W )
under the assumptions of Theorem 1.2, where W := W (Fp) is the ring of Witt vectors
of k(v) = Fp. Then we compute the cokernel of the Chern class map
chcris : Pic(Xv)⊗ZW → H2cris(Xv/W )
to calculate the Artin invariant.
To describe the F -crystal H2cris(Xv/W ) explicitly, we describe the Galois module
H2e´t(XKv ,Zp),
after replacing Kv by a finite extension of it. It is a Zp-lattice in the crystalline repre-
sentation H2e´t(XKv ,Qp). Here we use the main theorem of complex multiplication for
K3 surfaces again. According to the integral comparison theorem recently established
by Bhatt, Morrow, and Scholze [6, Theorem 1.2], [7, Theorem 14.6], the F -crystal
H2cris(Xv/W ) can be recovered from the Galois module H
2
e´t(XKv ,Zp). More precisely,
to calculate the F -crystal H2cris(Xv/W ), it is enough to calculate the Breuil-Kisin
module
M(H2e´t(XKv ,Zp))
associated with the Galois module H2e´t(XKv ,Zp). The main ingredient for the calcu-
lation of the Breuil-Kisin module is an explicit description of the Breuil-Kisin mod-
ules associated with Lubin-Tate characters proved by Andreatta, Goren, Howard, and
Madapusi Pera [1, Proposition 2.2.1].
Remark 1.8. The Breuil-Kisin modules of K3 surfaces are also studied by Chiarel-
lotto, Lazda, and Liedtke in [11].
The outline of this paper is as follows. In Section 2, we recall the definition of
complex K3 surfaces with CM and the main theorem of complex multiplication for
K3 surfaces due to Rizov. In Section 3, we recall the definition and basic properties
of the formal Brauer groups of K3 surfaces in characteristic p > 0. In Section 4,
we prove Theorem 1.1. In Section 5 and Section 6, we make some preparations to
prove Theorem 1.2. In Section 5, we give an explicit description of the Galois module
H2e´t(XKv ,Zp) in terms of Lubin-Tate characters. In Section 6, we recall the results
of Andreatta, Goren, Howard, and Madapusi Pera on an explicit description of the
Breuil-Kisin modules associated with Lubin-Tate characters, and calculate the Breuil-
Kisin module associated with the Galois module H2e´t(XKv ,Zp). Then, we give an
explicit description of the F -crystal H2cris(Xv/W ) by applying the integral comparison
theorem due to Bhatt, Morrow, and Scholze. In Section 7, we prove Theorem 1.2
using the results of Section 6. In Section 8, we prove our results imply the results of
Shimada on K3 surfaces with Picard number 20. Moreover, we prove that the results
of Shimada also hold in the case p = 2. Finally, in Section 9, we show that there are
projective K3 surfaces over C with CM which do not satisfy the assumptions and the
conclusion of Theorem 1.2.
2. Complex multiplication for K3 surfaces
In this section, we recall the definition of projective K3 surfaces over C with complex
multiplication (CM) and the main theorem of complex multiplication for K3 surfaces
due to Rizov [29].
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Let XC be a projective K3 surface over C. Let
T (XC) := Pic(XC)
⊥ ⊂ H2(XC,Z(1))
be the transcendental part of the singular cohomology, which has the Z-Hodge struc-
ture coming from H2(XC,Z(1)). Let
EndHdg(T (XC))
be the Z-algebra of Z-linear endomorphisms on T (XC) preserving the Z-Hodge struc-
ture on it. Zarhin showed that the Q-algebra
E(XC) := EndHdg(T (XC))⊗Z Q
is a number field which is either totally real or CM ; see [39, Theorem 1.5.1], [39,
Theorem 1.6(a)]. Here a number field is called CM if it is a totally imaginary quadratic
extension of a totally real number field. Let E be a CM field. We say XC has complex
multiplication (CM) by E if E(XC) is isomorphic to E and T (XC) ⊗Z Q is a one-
dimensional E(XC)-vector space. In this section, we assume that XC has CM by E,
and we fix an isomorphism E(XC) ≃ E. Then, the canonical morphism
ǫXC : E(XC)→ EndC(H2,0(XC)) ≃ C
gives an embedding E →֒ C. By this embedding, we consider E as a subfield of C.
Let G := MT(T (XC)⊗ZQ) be theMumford-Tate group of T (XC)⊗ZQ; see Section 9
for details. Since the Q-Hodge structure on T (XC)⊗ZQ is of weight 0, G is isomorphic
to the Hodge group of T (XC) ⊗Z Q(−1); see Remark 9.1. Zarhin proved that G is
isomorphic to
Ker(Nm: ResE/QGm → ResF/QGm)
as an algebraic group over Q via E(XC) ≃ E, where F is the maximal totally real
subfield of E; see [39, Theorem 2.3.1]. Hence we have
G(Q) = { x ∈ E× | xc(x) = 1 },
where c : E → E is the complex conjugation. We also denote the involution on the
ring AE,f of finite ade`les of E induced by c by the same symbol c.
Pjatecki˘ı-Sˇapiro and Sˇafarevicˇ showed that XC has a model XK over a number field
K ⊂ C which contains E [28, Theorem 4]. (Rizov showed that we can take such a
number field K ⊂ C as an abelian extension of E [29, Corollary 3.9.4]. However we
will not use this fact in this paper.) We fix an embedding K →֒ C. We have an action
of Gal(K/K) on the e´tale cohomology
H2e´t(XK ,Af(1)) := (
∏
p
H2e´t(XK ,Zp(1)))⊗Z Q,
which is a free module of rank 22 over the ring Af := (
∏
p Zp)⊗Z Q of finite ade`les of
Q. The embedding K →֒ C gives an isomorphism
H2e´t(XK ,Af(1)) ≃ H2(XC,Z(1))⊗Z Af .
It induces an action of Gal(K/K) on T (XC)⊗Z Af .
Now we recall the main theorem of complex multiplication for XC due to Rizov [29].
Let
ArtK : A
×
K → Gal(Kab/K)
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be the Artin reciprocity map provided by global class field theory with Deligne’s nor-
malization, i.e. which sends uniformizers to lifts of geometric Frobenius elements. Re-
call that we have E ⊂ K as subfields of C. Let
NmAK/AE : A
×
K → A×E
be the norm map induced by the embedding E ⊂ K. The main theorem of complex
multiplication for K3 surfaces describes the action of Gal(K/K) on T (XC) ⊗Z Af in
terms of the norm map NmAK/AE and the Artin reciprocity map ArtK .
Theorem 2.1 (Rizov [29]). The action of Gal(K/K) on T (XC)⊗ZAf factors through
a continuous homomorphism
ρ : Gal(Kab/K)→ G(Af ) = { x ∈ A×E,f | xc(x) = 1 }.
Moreover, the following diagram commutes:
A×K NmAK/AE
//
ArtK

A×E
pr

Gal(Kab/K)
ρ

A×E,f
y 7→c(y)y−1

G(Af) // G(Af)/G(Q).
Proof. See [29, Corollary 3.9.2]. See also [37, Theorem 12]. 
We fix a prime number p and a finite place p of E whose residue characteristic is p.
Let q be the finite place of F below p. In the rest of this section, we shall show that
the extension Ep/Fq is unramified under the assumptions of Theorem 1.2. We first
make some preparations.
Lemma 2.2. We assume that the isomorphism E(XC) ≃ E induces an isomorphism
EndHdg(T (XC))⊗Z Z(p) ≃ OE ⊗Z Z(p).
Then T (XC) ⊗Z Z(p) is a free OE ⊗Z Z(p)-module of rank 1. Moreover, if we fix an
isomorphism of OE ⊗Z Z(p)-modules
T (XC)⊗Z Z(p) ≃ OE ⊗Z Z(p),
there exists an element d ∈ F× such that the intersection product on T (XC)⊗Z Z(p) is
translated to the pairing
〈 , 〉 : OE ⊗Z Z(p) ×OE ⊗Z Z(p) // Z(p)
defined by 〈x, y〉 = TrE/Q(dxc(y)) for every x, y ∈ OE ⊗Z Z(p).
Proof. Since OE⊗ZZ(p) is a principal ideal domain and T (XC)⊗ZQ is a one-dimensional
E-vector space, it follows that T (XC) ⊗Z Z(p) is a free OE ⊗Z Z(p)-module of rank
1. The second assertion is well-known; see the proof of [10, Proposition 1.3.10] for
example. 
Lemma 2.3. Let L1 be a field which is a finite extension of the field Q2 of 2-adic
numbers. Let L2 be a totally ramified quadratic extension of L1. Then OL1 is generated
by NmL2/L1(OL2) as a Z2-module.
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Proof. Let πL2 be a uniformizer of L2. We put πL1 := NmL2/L1(πL2). Since the
extension L2/L1 is totally ramified, the element πL1 is a uniformizer of L1.
Since the sub-Z2-module of OL1 generated by NmL2/L1(OL2) is closed in OL1, it
suffices to show OL1 /π
n
L1 OL1 is generated by the image of NmL2/L1(OL2) as a sub-
Z2-module for every n ≥ 1. Since πL1 ∈ NmL2/L1(OL2) and NmL2/L1(OL2) is closed
under multiplication, it suffices to show OL1 /πL1 OL1 is generated by the image of
NmL2/L1(OL2) as a sub-Z2-module.
We put k := OL1 /πL1 OL1 . Since the extension L2/L1 is totally ramified, the image
of NmL2/L1(OL2) in k coincides with the image of the Frobenius map k → k, x 7→ x2.
Since k is a finite field of characteristic 2, we see that the image of NmL2/L1(OL2) in k
is k.
The proof of Lemma 2.3 is complete. 
We conclude this section by proving the following proposition.
Proposition 2.4. Under the assumptions of Theorem 1.2, the quadratic extension
Ep/Fq is unramified.
Proof. By Lemma 2.2, we may identify T (XC)⊗ZZ(p) with OE⊗ZZ(p), where OE⊗ZZ(p)
is equipped with a pairing 〈 , 〉 defined by 〈x, y〉 = TrE/Q(dxc(y)) for every x, y ∈
OE ⊗Z Z(p) for some element d ∈ F×. By the first assumption of Theorem 1.2, the
discriminant of Pic(XC) is not divisible by p. Hence the pairing 〈 , 〉 is perfect. There
is a decomposition
OE ⊗Z Zp ≃
∏
p′|p
OE
p′
,
where p′ is a finite place of E above p. Using this decomposition, we have a perfect
pairing
OEp ×OEp // Zp
(x, y) ✤ // TrEp/Qp(dxc(y)),
where c : Ep ≃ Ep is the involution induced by c on E. We denote this pairing by
〈 , 〉p.
Let DEp/Qp be the different of Ep over Qp. Since 〈 , 〉p is a perfect pairing, we see
that DEp/Qp is generated by d−1 as an ideal of OEp.
Suppose that p > 2. Let νp : E
×
p → Z be the valuation normalized by νp(πp) = 1,
where πp is a uniformizer of Ep. Let DEp/Fq be the different of Ep over Fq. We assume
that Ep/Fq is totally ramified. Then, since p > 2, a generator e ∈ OEp of DEp/Fq
satisfies νp(e) = 1 by [32, Chapter 3, Proposition 13]. By [32, Chapter 3, Proposition
8], we have the following equality of ideals of OEp
DEp/Qp = DEp/FqDFq/Qp,
where DFq/Qp is the different of Fq over Qp. Let f ∈ OFq be a generator of DFq/Qp.
Then we have
νp(d
−1) = νp(e) + νp(f) = 1 + νp(f).
Since d−1, f ∈ OFq and Ep/Fq is totally ramified, the integers νp(d−1) and νp(f) are
even. This is absurd. Therefore Ep/Fq is unramified.
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Suppose that p = 2. We note that the pairing 〈 , 〉p is even, i.e. 〈x, x〉p ∈ 2Z2
for every x ∈ OEp, since the transcendental lattice T (XC) is an even lattice; see [13,
Chapter 1, Proposition 3.5] for example. We have
〈x, x〉p = TrEp/Q2(dxc(x))
= TrEp/Q2(dNmEp/Fq(x))
= 2TrFq/Q2(dNmEp/Fq(x)).
Hence we have
TrFq/Q2(dNmEp/Fq(x)) ∈ Z2
for every x ∈ OEp. We assume that Ep/Fq is totally ramified. By Lemma 2.3, we
see that TrFq/Q2(dx) ∈ Z2 for every x ∈ OFq. Hence we have DFq/Q2 ⊂ d−1OFq.
Consequently, we have
DFq/Q2 OEp ⊂ d−1OEp = DEp/Q2.
Since Ep/Fq is totally ramified, we have DEp/Fq ( OEp . Therefore we have
DEp/Q2 = DEp/FqDFq/Q2
( DFq/Q2 OEp .
This is absurd. Therefore Ep/Fq is unramified.
The proof of Proposition 2.4 is complete. 
3. Formal Brauer groups of K3 surfaces
In this section, we recall the definition and basic properties of the formal Brauer
groups of K3 surfaces in characteristic p > 0.
Let Xk be a K3 surface over an algebraically closed field k of characteristic p > 0.
Let
Φ2Xk : Artk
// (Abelian groups)
be the functor defined by
R ✤ // ker(H2e´t(Xk ⊗k R,Gm)→ H2e´t(Xk,Gm)),
where Artk is the category of local artinian k-algebras with residue field k, and (Abelian
groups) is the category of abelian groups. The functor Φ2Xk is pro-representable by a
smooth one-dimensional formal group scheme B̂r(Xk) over k [3, Chapter II, Corollary
2.12]. The height of the formal Brauer group of Xk is defined to be the height of
B̂r(Xk)
h(Xk) := h(B̂r(Xk)).
The Picard group Pic(Xk) is a free Z-module of rank ≤ 22. The rank
ρ(Xk) := rankZ Pic(Xk)
is called the Picard number of Xk. Since Xk is a projective surface, we have ρ(Xk) ≥ 1.
When h(Xk) = ∞, we say Xk is supersingular. The Tate conjecture for K3 surfaces
[8], [18], [23], [25] implies that Xk is supersingular if and only if ρ(Xk) = 22. (See also
[5, Corollaire 0.5], [13, Corollary 17.3.7].) If h(Xk) 6=∞, the inequality
1 ≤ ρ(Xk) ≤ 22− 2h(Xk)
is satisfied [2, Theorem 0.1]. Therefore, if h(Xk) 6=∞, we have 1 ≤ h(Xk) ≤ 10.
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In the rest of this section, we fix a power q of p. Let Fq be the finite field with
q elements. Let XFq be a K3 surface over Fq, and we put XFq := XFq ⊗Fq Fq. The
geometric Frobenius element σ ∈ Gal(Fq/Fq) acts on the e´tale cohomology
H2e´t(XFq ,Qℓ(1))
for a prime number ℓ 6= p. The characteristic polynomial P (T ) of σ acting on
H2e´t(XFq ,Qℓ(1)) is a monic polynomial of degree 22 with coefficients in Q. It is in-
dependent of the choice of ℓ 6= p. We consider the roots of P (T )
α1, α2, . . . , αi, . . . , α22
as elements of Q. We fix an embedding Q →֒ Qp, and let ν : Qp → Q ∪ {∞} be the
p-adic valuation normalized by ν(p) = 1. The following results are well-known.
Proposition 3.1. (1) The number of i such that αi is a root of unity is equal to
ρ(XFq).
(2) If h(XFq) <∞, then the number of i such that ν(αi) > 0 is equal to h(XFq).
(3) If h(XFq) =∞, then every αi is a root of unity. Hence it satisfies ν(αi) = 0.
Proof. The assertion of the Picard number follows from the Tate conjecture for K3
surfaces [8], [18], [23], [25]. For (2) and (3), see [21, Proposition 6.17], [17, Theorem
1]. 
4. Proof of Theorem 1.1
In this section, we shall prove Theorem 1.1. Similar arguments can be found in
Taelman’s paper; see the proof of [37, Proposition 25].
Let πv be a uniformizer of Kv. By the local-global compatibility of class field theory,
the Artin reciprocity map ArtK sends the element
x := (1, 1, . . . , 1, πv, 1, . . . , 1, 1) ∈ A×K
to σ|Kab , where σ ∈ Gal(Kv/Kv) is a lift of the geometric Frobenius element. We want
to compute the eigenvalues of σ acting on
H2e´t(XKv ,Qℓ(1)) ≃ H2(XC,Z(1))⊗Z Qℓ
≃ (Pic(XC)⊗Z Qℓ)⊕ (T (XC)⊗Z Qℓ)
for a prime number ℓ 6= p. The image of x under the composite of the norm map
NmAK/AE : A
×
K → A×E with the projection pr : A×E → A×E,f is the element
y := (1, 1, . . . , 1,NmKv/Ep(πv), 1, . . . , 1, 1) ∈ A×E,f ,
where NmKv/Ep : K
×
v → E×p is the norm map induced by the embedding Ep →֒ Kv
coming from E ⊂ K.
If q splits in E, the image of y ∈ A×E,f under the map
A×E,f // G(Af)/G(Q), y 7→ c(y)y−1
is represented by
z := (1, 1, . . . , 1,NmKv/Ep(πv)
−1, c(NmKv/Ep(πv)), 1, . . . , 1, 1) ∈ G(Af),
where c : Ep ≃ Ep′ is the isomorphism induced by the complex conjugation c : E → E
and p′( 6= p) is a unique finite place of E above q other than p.
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If q does not split in E, the image of y ∈ A×E,f under the map
A×E,f // G(Af)/G(Q), y 7→ c(y)y−1
is represented by
z := (1, 1, . . . , 1, c(NmKv/Ep(πv))NmKv/Ep(πv)
−1, 1, . . . , 1, 1) ∈ G(Af),
where c : Ep ≃ Ep is the involution induced by the complex conjugation c : E → E.
In both cases, by the commutative diagram of Theorem 2.1, there exists an element
η ∈ G(Q) ⊂ E× such that
ρ(σ|Kab) = zη ∈ G(Af).
Before proving Theorem 1.1, we prove the following lemma. We fix an embedding
Q →֒ Qp. Let ν : Qp → Q ∪ {∞} be the p-adic valuation normalized by ν(p) = 1. Let
Q(η) ⊂ E be the subfield generated by η. Let p0 be the finite place of Q(η) below p.
Lemma 4.1. (1) If q splits in E, the element η is not a root of unity and the
number of conjugations ξ ∈ Q of η over Q with ν(ξ) > 0 is equal to [Q(η)p0 :
Qp].
(2) If q does not split in E, the element η is a root of unity.
Proof. At first, since Gal(Kab/K) is compact, we observe that ρ(σ|Kab) = zη lies in
the maximal compact subgroup
{ x ∈ Ẑ⊗Z OE | xc(x) = 1 } ⊂ G(Af).
If q splits in E, we see that p is a unique finite place of E above p such that the
valuation of η ∈ Ep is positive. Hence p0 is a unique finite place of Q(η) such that
the valuation of η ∈ Q(η)p0 is positive. It follows that η is not a root of unity and the
number of conjugations ξ ∈ Q of η over Q with ν(ξ) > 0 is equal to [Q(η)p0 : Qp].
If q does not split in E, we see that η is an algebraic integer. Moreover, since we
have ηc(η) = 1 and E is a CM field, every conjugation ξ ∈ Q ⊂ C of η over Q has
complex absolute value 1. By Kronecker’s theorem, the algebraic integer η is a root
of unity. 
Proof of Theorem 1.1. Since T (XC)⊗ZQ is a one-dimensional E-vector space, by
Theorem 2.1, the characteristic polynomial of σ acting on T (XC)⊗ZQℓ can be identified
with the characteristic polynomial of E → E, x 7→ xη as a Q-linear map. Hence it is
equal to
f(t)[E:Q(η)],
where f(t) is the monic minimal polynomial of η ∈ E over Q.
If q splits in E, no root of f(t) is a root of unity by Lemma 4.1 (1). Since p is a
unique finite place of E above p0, we have [E : Q(η)] = [Ep : Q(η)p0 ] by [32, Chapter 2,
Theorem 1(iii)]. Hence the number of roots ξ ∈ Q of f(t)[E:Q(η)] with ν(ξ) > 0 counted
with their multiplicities is equal to [Ep : Qp] by Lemma 4.1 (1). The eigenvalues of σ
acting on
Pic(XC)⊗Z Qℓ ≃ Pic(XKv)⊗Z Qℓ
are roots of unity. Therefore, the number of eigenvalues ξ ∈ Q of σ acting on
H2e´t(XKv ,Qℓ(1)) which are roots of unity is equal to the rank of Pic(XC), counted
with their multiplicities. Moreover, the number of eigenvalues ξ ∈ Q of σ acting on
H2e´t(XKv ,Qℓ(1)) with ν(ξ) > 0 is equal to [Ep : Qp], counted with their multiplicities.
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It follows that the Picard number of Xv is equal to the Picard number of XC, and the
height h(Xv) of the formal Brauer group of Xv is equal to [Ep : Qp] by Proposition
3.1.
If q does not split in E, every root of f(t) is a root of unity by Lemma 4.1 (2).
Therefore, every eigenvalue of σ acting on H2e´t(XKv ,Qℓ(1)) is a root of unity. It
follows that the Picard number of Xv is equal to 22, and the height h(Xv) of the
formal Brauer group of Xv is ∞ by Proposition 3.1.
The proof of Theorem 1.1 is complete. 
5. Integral p-adic E´tale cohomology of K3 surfaces with CM
In this section and the next section, we make some preparations to prove Theorem
1.2. In this section, we shall describe the Galois module H2e´t(XKv ,Zp). We keep the
notation in previous sections. We assume that XC is a projective K3 surface over C
with CM by E satisfying the assumptions of Theorem 1.2. In particular, we assume
that XC has a model XK over a number field K ⊂ C containing E, XK has good
reduction at v, and q does not split in E. By Theorem 1.1, the reduction Xv is a
supersingular K3 surface over k(v).
We fix a uniformizer πp of Ep. We recall the Lubin-Tate character attached to an
embedding f : Ep →֒ Kv. We have an isomorphism
Gal(Eabp /Ep) ≃ O×Ep × Ẑ
induced by the (fixed) uniformizer πp and the Artin reciprocity map provided by local
class field theory with Deligne’s normalization. We fix an isomorphism Ep ≃ Kv which
extends f . This identification induces a homomorphism
Gal(Kv/Kv)→ Gal(Eabp /Ep).
We denote this homomorphism by the same symbol f . We define a continuous homo-
morphism χπp,f : Gal(Kv/Kv)→ O×Ep attached to πp and the embedding f : Ep →֒ Kv
by the following composite:
χπp,f : Gal(Kv/Kv) f
// Gal(Eabp /Ep) ≃ O×Ep × Ẑ pr // O×Ep.
It does not depend on the choice of an isomorphism Ep ≃ Kv extending f . Since we
will not change the uniformizer πp in the sequel, we will abbreviate χf := χπp,f .
We denote the Gal(Kv/Kv)-module OEp arising from a character χ : Gal(Kv/Kv)→
O
×
Ep
by
(OEp , χ).
Remark 5.1. Let Fπp be the Lubin-Tate formal group over OEp associated with πp.
(This is denoted by G in [1, Section 2.2].) For an embedding f : Ep →֒ Kv, the p-
adic Tate module of the base change Fπp,OKv of Fπp along the induced homomorphism
OEp →֒ OKv is isomorphic to (OEp , χf) as a Gal(Kv/Kv)-module. See [22] for details.
(See also [33, Chapter 3, Appendix, Proposition 4].) For this reason, we will often call
χf the Lubin-Tate character attached to πp and f (or simply the Lubin-Tate character
attached to f).
Let
χcyc : Gal(Kv/Kv)→ Z×p
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be the p-adic cyclotomic character. For an integer n ∈ Z, a free Zp-module of rank 1
on which Gal(Kv/Kv) acts via χ
n
cyc is denoted by Zp(n). We put Zp := Zp(0). Recall
that we have an embedding E ⊂ K as subfields of C. Let
ι : Ep →֒ Kv
be the embedding induced by E ⊂ K. Let χι be the Lubin-Tate character attached to
the embedding ι : Ep →֒ Kv. Similarly, let χι◦c be the Lubin-Tate character attached to
the composite of the involution c : Ep ≃ Ep (it is induced by the complex conjugation
c on E) with ι : Ep →֒ Kv. We define the character
χ˜ : Gal(Kv/Kv)→ O×Ep
by
χ˜ := χ−1ι χι◦cχ
−1
cyc.
Here the composite of χcyc with the canonical embedding Z
×
p →֒ O×Ep, x 7→ x is denoted
by the same symbol χcyc. The character χ˜ is independent of the choice of πp; see the
proof of Proposition 5.2 below.
Recall that XKv has good reduction and the reduction Xv is a supersingular K3
surface over k(v). To prove Theorem 1.2, we may replace K by a finite extension of
it. Hence we may assume
Pic(XC) ≃ Pic(XK) ≃ Pic(XKv)
and
Pic(Xv) ≃ Pic(X ⊗OKv k(v)).
Under these assumptions, the action of Gal(Kv/Kv) on H
2
e´t(XKv ,Zp) is described as
follows.
Proposition 5.2. Under the above assumptions, there is an isomorphism of Gal(Kv/Kv)-
modules
H2e´t(XKv ,Zp) ≃ Zp(−1)⊕22−[Ep:Qp] ⊕ (OEp, χ˜).
Proof. We shall show there is an isomorphism of Gal(Kv/Kv)-modules
H2e´t(XKv ,Zp(1)) ≃ Z⊕22−[Ep:Qp]p ⊕ (OEp , χ−1ι χι◦c).
By the first assumption of Theorem 1.2, the discriminant of Pic(XC) is not divisible
by p. Hence we have
H2e´t(XKv ,Zp(1)) ≃ (Pic(XC)⊗Z Zp)⊕ (T (XC)⊗Z Zp).
Since we have assumed Pic(XC) ≃ Pic(XK) ≃ Pic(XKv), the action of Gal(Kv/Kv) on
Pic(XC)⊗Z Zp is trivial.
Hence it is enough to show there is an isomorphism of Gal(Kv/Kv)-modules
T (XC)⊗Z Zp ≃ Z⊕22−mp ⊕ (OEp , χ−1ι χι◦c),
where we put m := rankZ Pic(XC) + [Ep : Qp]. Let
ρ : Gal(Kab/K)→ G(Af)
be the continuous homomorphism provided by the main theorem of complex mul-
tiplication for K3 surfaces; see Theorem 2.1. Since Gal(Kabv /Kv) is compact, the
composite
Gal(Kabv /Kv)
// Gal(Kab/K) ρ
// G(Af) pr
// (E ⊗Q Qp)×
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factors through a continuous homomorphism
ρp : Gal(K
ab
v /Kv)→ (OE ⊗Z Zp)×.
By the second assumption of Theorem 1.2, we have
EndHdg(T (XC))⊗Z Z(p) ≃ OE ⊗Z Z(p).
By Lemma 2.2, we see that T (XC)⊗Z Zp is a free OE ⊗Z Zp-module of rank 1. There
is a decomposition
OE ⊗Z Zp ≃
∏
p′|p
OE
p′
,
where p′ is a finite place of E above p. Hence we have an isomorphism of Gal(Kv/Kv)-
modules
T (XC)⊗Z Zp ≃
∏
p′|p
OE
p′
,
where the action of Gal(Kv/Kv) on OE
p′
is given by prp′ ◦ ρp. Here
prp′ : (OE ⊗Z Zp)× ≃
∏
p′|p
O
×
E
p′
→ O×E
p′
is the projection. Therefore, it suffices to prove that
(prp′ ◦ ρp)(g) =
{
1 (p′ 6= p)
χ−1ι (g)χι◦c(g) (p
′ = p)
for every g ∈ Gal(Kabv /Kv), where χι and χι◦c are considered as continuous homomor-
phisms from Gal(Kabv /Kv) to O
×
Ep
.
It suffices to prove these equalities when we restrict them to K×v along the local
Artin reciprocity map
ArtKv : K
×
v →֒ Gal(Kabv /Kv)
since ArtKv(K
×
v ) ⊂ Gal(Kabv /Kv) is dense. We take an element x ∈ K×v . By the local-
global compatibility of class field theory and the commutative diagram of Theorem
2.1, there exists an element η ∈ G(Q) ⊂ E× such that
ρ(ArtKv(x)) = (1, 1, . . . , 1, c(NmKv/Ep(x))NmKv/Ep(x)
−1, 1, . . . , 1, 1)η.
Since Pic(Xv) ≃ Pic(X ⊗OKv k(v)) and Xv is supersingular by Theorem 1.1, the
action of Gal(Kv/Kv) on T (XC) ⊗Z Qℓ is trivial for all ℓ 6= p. It follows that η = 1.
Hence we have
(prp′ ◦ ρp)(ArtKv(x)) =
{
1 (p′ 6= p)
c(NmKv/Ep(x))NmKv/Ep(x)
−1 (p′ = p).
Recall that we have fixed a uniformizer πp of Ep. It gives an isomorphism O
×
Ep
×Z ≃
E×p , (x, n) 7→ xπnp . The composite of the inverse map of this isomorphism with the
projection is denoted by χ′ : E×p → O×Ep . Then, we have{
χι(ArtKv(x)) = χ
′(NmKv/Ep(x))
χι◦c(ArtKv(x)) = χ
′(c(NmKv/Ep(x))).
We note that, for every z1, z2 ∈ E×p which have the same valuation, we have
χ′(z1)χ
′(z2)
−1 = χ′(z1z
−1
2 ) = z1z
−1
2 .
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Hence we have
χ−1ι (ArtKv(x))χι◦c(ArtKv(x)) = χ
′(c(NmKv/Ep(x)))χ
′(NmKv/Ep(x))
−1
= c(NmKv/Ep(x))NmKv/Ep(x)
−1.
This completes the proof of Proposition 5.2. 
6. The Breuil-Kisin modules associated with K3 surfaces with CM
In this section, we give an explicit description of the F -crystal H2cris(Xv/W ) of the
supersingular K3 surface Xv over k(v), where W :=W (Fp) is the ring of Witt vectors
of k(v) = Fp. We keep the notation in Section 5. In particular, we have fixed a
uniformizer πp of Ep.
Let Kurv be the maximal unramified extension of Kv in Kv, and
L := K̂urv
the completion of Kurv . We identify W with the p-adic completion of the maximal
unramified extension of Zp in Kv. Hence we have an embedding W →֒ L. Then L is
a finite totally ramified extension of Frac(W ).
Let Ep,0 ⊂ Ep be the maximal unramified extension of Qp in Ep. We put d := [Ep,0 :
Qp]. By Proposition 2.4, the quadratic extension Ep/Fq is unramified. It follows that
d is an even integer.
We denote the set of embeddings from Ep,0 to Frac(W ) ⊂ L by Emb(Ep,0). Let
ι0 ∈ Emb(Ep,0) be an embedding induced by
Ep,0


// Ep


ι
// Kv


// L.
We denote the Frobenius on Frac(W ) by ϕ. Then we have
Emb(Ep,0) = {ϕi ◦ ι0 | 0 ≤ i ≤ d− 1}.
When we consider OEp,0 as a subring of OEp by the inclusion OEp,0 ⊂ OEp and a subring
of W by the embedding ϕi ◦ ι0, we denote it by Ri. We put
Wi := OEp ⊗RiW.
Then we have a decomposition
OEp ⊗ZpW ≃
∏
0≤i≤d−1
Wi.
The main result of this section is as follows:
Theorem 6.1. The F -crystal H2cris(Xv/W ) is isomorphic to the F -crystal
W (−1)⊕22−[Ep:Qp] ⊕ (OEp ⊗ZpW,β).
Here, the F -crystal (OEp ⊗ZpW,β) is a W -module OEp ⊗ZpW equipped with an OEp-
equivariant Frobenius ϕ given by ϕ(1) = β, and the element
β ∈ OEp ⊗ZpW ≃
∏
0≤i≤d−1
Wi
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is specified as follows; the i-th component βi of β is
βi =

pπp (i = 1)
pπ−1p (i = d
′)
p (i 6= 1, d′),
where we put d′ := d/2 + 1 if d 6= 2, and d′ := 0 if d = 2.
To prove Theorem 6.1, we use integral comparison theorem recently established by
Bhatt, Morrow, and Scholze, which says that it is enough to calculate the Breuil-Kisin
module
M(H2e´t(XKv ,Zp))
associated with the Galois moduleH2e´t(XKv ,Zp) to calculate the F -crystalH
2
cris(Xv/W );
see Theorem 6.5 for details. We compute this Breuil-Kisin module M(H2e´t(XKv ,Zp))
using an explicit description of the Breuil-Kisin modules associated with Lubin-Tate
characters proved by Andreatta, Goren, Howard, and Madapusi Pera; see Proposition
6.3 for details.
First, we recall the definition of Breuil-Kisin modules from [19, Section 1.2]. We fix
a uniformizer πL ∈ L, and a system {π1/p
n
L }n≥0 ⊂ L (i ≥ 0) of pn-th roots of πL such
that (π
1/pn+1
L )
p = π
1/pn
L for n ≥ 0. Let E(u) ∈ W [u] be the monic minimal polynomial
of πL over Frac(W ), i.e. it is the (monic) Eisenstein polynomial for πL. We define a
Frobenius ϕ on
S := W [[u]]
which acts on W as the canonical Frobenius and sends u to up. A Breuil-Kisin module
(over OL with respect to {π1/p
n
L }n≥0) is a free S-module M of finite rank equipped
with an isomorphism of S-modules
ϕ : (ϕ∗M)[1/E(u)] ≃M[1/E(u)].
Let OE be the p-adic completion of S[1/u]. This is a Cohen ring whose residue field
is Fp((u)). We fix a separable closure Fp((u))
sep of Fp((u)). Let OEur be the strict
henselization of OE with respect to Fp((u))sep, and OÊur the p-adic completion of OEur.
The Frobenius ϕ on S extends naturally to OÊur.
We put
L∞ :=
⋃
n≥0
L(π
1/pn
L ).
By [38, Corollaire 3.2.3], there is an isomorphism
Gal(L/L∞) ≃ Gal(Fp((u))sep/Fp((u))).
We have an action of Gal(L/L∞) on OÊur via this isomorphism.
Theorem 6.2 (Kisin [19]). There exists a covariant fully faithful tensor functor
Λ 7→M(Λ)
from the category of Zp-lattices in crystalline Gal(L/L)-representations to the cate-
gory of Breuil-Kisin modules. The Breuil-Kisin module M(Λ) is characterized by the
existence of an isomorphism of OÊur-modules
Λ⊗Zp OÊur ≃M(Λ)⊗S OÊur
compatible with Frobenius morphisms and the action of Gal(L/L∞), where
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• the Frobenius morphism on the left-hand side (resp. right-hand side) is given
by 1⊗ ϕ (resp. ϕ⊗ ϕ), and
• the action of an element g ∈ Gal(L/L∞) on the left-hand side (resp. right-hand
side) is given by g ⊗ g (resp. 1⊗ g).
Proof. See [19, Theorem 1.2.1]. The characterization follows from the construction of
the functor. See also [7, Theorem 4.4]. 
We shall give an explicit description of the Breuil-Kisin module M(H2e´t(XKv ,Zp)).
By Proposition 5.2, we have an isomorphism of Gal(L/L)-modules
H2e´t(XKv ,Zp) ≃ Zp(−1)⊕22−[Ep:Qp] ⊕ (OEp, χ˜).
Hence we have an isomorphism of Breuil-Kisin modules
M(H2e´t(XKv ,Zp)) ≃M(Zp(−1))⊕22−[Ep:Qp] ⊕M((OEp , χ˜)).
The Breuil-Kisin module M(Zp(−1)) is described as follows. It is identified with
S as an S-module, and the Frobenius ϕ is defined by ϕ(1) = pE(u)/E(0). Thus, to
describe M(H2e´t(XKv ,Zp)), it is enough to compute M((OEp , χ˜)).
We have a decomposition
OEp ⊗ZpS ≃
∏
0≤i≤d−1
Si,
where we put
Si := Wi[[u]]
for 0 ≤ i ≤ d− 1. Let
E0(u) ∈ W0[u]
be the monic minimal polynomial of πL over Frac(W0), where we embed W0 into L by
the embedding
W0 = OEp ⊗R0W // L, x⊗ y 7→ ι(x)y.
By Proposition 2.4, the involution c is non-trivial on Ep,0. Hence the embedding
ι ◦ c : Ep →֒ L induces the embedding ϕd/2 ◦ ι0 ∈ Emb(Ep,0). Let
Ed/2(u) ∈ Wd/2[u]
be the monic minimal polynomial of πL over Frac(Wd/2), where we embed Wd/2 into
L by the embedding
Wd/2 = OEp ⊗Rd/2W // L, x⊗ y 7→ (ι ◦ c)(x)y.
For a character χ : Gal(Kv/Kv)→ O×Ep, let (OEp , χ)∨ be a Gal(Kv/Kv)-module
O
∨
Ep := HomZp(OEp ,Zp)
induced by (OEp , χ).
We shall recall an explicit description of the Breuil-Kisin module M((OEp , χι)
∨)
(resp. M((OEp , χι◦c)
∨)) associated with (OEp , χι)
∨ (resp. (OEp , χι◦c)
∨). We remark that
the Breuil-Kisin module M((OEp , χι)
∨) (resp. M((OEp , χι◦c)
∨)) admits an OEp-action
such that the Frobenius commutes with the OEp-action since M(−) is a functor.
SUPERSINGULAR REDUCTION OF K3 SURFACES WITH CM 17
For an element γ ∈ OEp ⊗ZpS, we define a Frobenius semi-linear map ϕγ on
OEp ⊗ZpS which commutes with the OEp-action by ϕγ(1) = γ. We denote the S-
module OEp ⊗ZpS equipped with the Frobenius semi-linear map ϕγ by
(OEp ⊗ZpS, γ).
Proposition 6.3 (Andreatta, Goren, Howard, Madapusi Pera [1, Proposition 2.2.1]).
(1) The Breuil-Kisin module
M((OEp , χι)
∨)
is OEp-equivariantly isomorphic to the Breuil-Kisin module (OEp ⊗ZpS, βι),
where the element
βι ∈ OEp ⊗ZpS ≃
∏
0≤i≤d−1
Si
is specified as follows; the i-th component βι,i of βι is
βι,i =
{
πpE0(u)/E0(0) (i = 0)
1 (i 6= 0).
(2) The Breuil-Kisin module
M((OEp , χι◦c)
∨)
is OEp-equivariantly isomorphic to the Breuil-Kisin module (OEp ⊗ZpS, βι◦c),
where the element
βι◦c ∈ OEp ⊗ZpS ≃
∏
0≤i≤d−1
Si
is specified as follows; the i-th component βι◦c,i of βι◦c is
βι◦c,i =
{
πpEd/2(u)/Ed/2(0) (i = d/2)
1 (i 6= d/2).
Proof. See [1, Proposition 2.2.1]. We note that the polynomial Eι0(u) ∈ Wι0 [u] in the
notation of [1, Section 2] is a minimal polynomial of ̟ whose constant term is equal
to a fixed uniformizer ι0(πE). In our notation, the polynomial Eι0(u) is translated to
πpE0(u)/E0(0) in (1) and πpEd/2(u)/Ed/2(0) in (2). 
Proposition 6.4. The Breuil-Kisin module M((OEp , χ˜)) is OEp-equivariantly isomor-
phic to the Breuil-Kisin module (OEp ⊗ZpS, β˜), where the element
β˜ ∈ OEp ⊗ZpS ≃
∏
0≤i≤d−1
Si
is specified as follows; the i-th component β˜i of β˜ is
β˜i =

p(E(u)/E(0))(πpE0(u)/E0(0)) (i = 0)
p(E(u)/E(0))(πpEd/2(u)/Ed/2(0))
−1 (i = d/2)
pE(u)/E(0) (i 6= 0, d/2).
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Proof. By an isomorphism of Gal(Kv/Kv)-modules
(OEp , χ
−1
ι )[1/p] ≃ (OEp , χι)∨[1/p]
induced by the trace map TrEp/Qp : Ep → Qp, the OEp-lattice O∨Ep on the right-hand
side is translated to the OEp-lattice π
−d
p OEp ⊂ (OEp, χ−1ι )[1/p] for an integer d ≥ 0. It
follows that there exists an isomorphism of Gal(Kv/Kv)-modules
(OEp , χ
−1
ι ) ≃ (OEp , χι)∨.
Thus, the Gal(L/L)-module (OEp, χ˜) is isomorphic to the Gal(L/L)-module
(OEp , χι◦cχ
−1
cyc)⊗OEp (OEp , χι)∨.
We shall show that the Breuil-Kisin module M((OEp , χ˜)) associated with (OEp, χ˜)
is isomorphic to the tensor product
M := M((OEp , χι◦cχ
−1
cyc))⊗OEp ⊗ZpS M((OEp , χι)∨).
Since M((OEp , χι)
∨) is a free OEp ⊗ZpS-module of rank 1 by Proposition 6.3 (1), the
tensor product M is a free S-module of finite rank. Thus, we see that M is a Breuil-
Kisin module. By the characterization of M((OEp , χ˜)) as in Theorem 6.2, we have
M((OEp , χ˜)) ≃M.
Using an isomorphism OEp ≃ O∨Ep as above, Proposition 6.3 (2), and the fact that
the functor M(−) is a tensor functor, we see that the Breuil-Kisin module
M((OEp , χι◦cχ
−1
cyc))
is OEp-equivariantly isomorphic to the Breuil-Kisin module (OEp ⊗ZpS, β ′), where the
element
β ′ ∈ OEp ⊗ZpS ≃
∏
0≤i≤d−1
Si
is specified as follows; the i-th component β ′i of β
′ is
β ′i =
{
p(E(u)/E(0))(πpEd/2(u)/Ed/2(0))
−1 (i = d/2)
pE(u)/E(0) (i 6= d/2).
By using this description, the assertion follows from the isomorphism M((OEp , χ˜)) ≃
M and Proposition 6.3 (1). 
Now, Theorem 6.1 follows from Proposition 6.4 and the following integral compari-
son theorem established by Bhatt, Morrow, and Scholze.
Theorem 6.5 (Bhatt, Morrow, Scholze [6, Theorem 1.2], [7, Theorem 14.6]). There
is an isomorphism of F -crystals
H2cris(Xv/W ) ≃ ϕ∗(M(H2e´t(XKv ,Zp))/uM(H2e´t(XKv ,Zp))).
Proof. See [7, Theorem 14.6]. (See also [6, Theorem 1.2].) Note that we can apply
[7, Theorem 14.6] for the proper smooth algebraic space X over SpecOKv since the
special fiber is a scheme; see [11, Theorem 2.4] for details. 
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7. Proof of Theorem 1.2
In this section, we shall prove Theorem 1.2. We use the same notation as in Section
5 and Section 6. Recall that πp is a fixed uniformizer of Ep, and we put d := [Ep,0 : Qp].
By Proposition 2.4, the quadratic extension Ep/Fq is unramified. Hence we have
d = [k(p) : Fp] = 2[k(q) : Fp].
Proof of Theorem 1.2. The Chern class map
chcris : Pic(Xv)⊗ZW → H2cris(Xv/W )
is injective and preserves pairings. Since the Artin invariant a satisfies disc Pic(Xv) =
−p2a, it is equal to the length of the cokernel of chcris as a W -module. We shall show
that it is equal to [k(q) : Fp] = [k(p) : Fp]/2 = d/2.
By Theorem 6.1, we have an isomorphism of F -crystals
H2cris(Xv/W ) ≃W (−1)⊕22−[Ep:Qp] ⊕ (OEp ⊗ZpW,β),
where the element β ∈ OEp ⊗ZpW is taken as in Theorem 6.1. By [27, Corollary 1.6],
we have
Pic(Xv)⊗Z Zp ≃ H2cris(Xv/W )ϕ=p.
Hence the length of the cokernel of the following injection
H2cris(Xv/W )
ϕ=p ⊗Zp W → H2cris(Xv/W )
as a W -module is equal to the Artin invariant a.
Recall that W (−1) is the F -crystal of rank 1 whose underlying W -module is W and
the Frobenius ϕ is given by ϕ(1) = p. Hence 1 ∈ W is a Zp-basis of W (−1)ϕ=p, and
the canonical map
W (−1)ϕ=p ⊗Zp W →W
is an isomorphism. Therefore, the Artin invariant a is equal to the length of the
cokernel of the following injection
(OEp ⊗ZpW,β)ϕ=p ⊗Zp W → (OEp ⊗ZpW,β)
as a W -module.
We shall compute a Zp-basis of (OEp ⊗ZpW,β)ϕ=p. An element x ∈ OEp ⊗ZpW ≃∏
0≤i≤d−1
Wi satisfies ϕ(x) = px if and only if the i-th components xi ∈ Wi (0 ≤ i ≤ d−1)
of x satisfy 
πpϕ(x0) = x1
π−1p ϕ(xd/2) = xd/2+1
ϕ(xi) = xi+1 (i 6= 0, d/2),
where we put xd := x0. From these equations, we have ϕ
d(xd/2+1) = xd/2+1 and hence
xd/2+1 ∈ OEp ⊂Wd/2+1, where we put Wd := W0. Conversely, if xd/2+1 is an element of
OEp ⊂ Wd/2+1, then for the elements xi ∈ Wi (0 ≤ i ≤ d− 1) determined by the above
equations, the element x = (x0, . . . , xd−1) is in (OEp ⊗ZpW,β)ϕ=p. Thus, the following
composite
OEp ⊗ZpW ≃
∏
0≤i≤d−1
Wi →Wd/2+1,
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where the second map is the projection, maps (OEp ⊗ZpW,β)ϕ=p isomorphically onto
OEp . We denote by f the induced isomorphism of Zp-modules (OEp ⊗ZpW,β)ϕ=p ≃
OEp . The following composite
OEp ⊗ZpW
f−1⊗idW
// (OEp ⊗ZpW,β)ϕ=p ⊗Zp W // OEp ⊗ZpW
is equal to the W -linear map gπ : OEp ⊗ZpW → OEp ⊗ZpW , x 7→ πx. Here π ∈
OEp ⊗ZpW ≃
∏
0≤i≤d−1
Wi is the element whose i-th component πi is
πi =

1 (i = 0)
πp (1 ≤ i ≤ d/2)
1 (d/2 + 1 ≤ i ≤ d− 1).
Therefore, to show Theorem 1.2, it suffices to show that the length N of the cokernel
of gπ as a W -module is equal to d/2. The length of the cokernel of the injection
Wi → Wi, x 7→ πpx as aW -module is equal to 1 since the extension Frac(Wi)/Frac(W )
is totally ramified and πp ∈ Wi is a uniformizer of Frac(Wi). From this, we have
N = d/2 = [k(q) : Fp].
The proof of Theorem 1.2 is complete. 
8. K3 surfaces with Picard number 20
In this section, we study the relation between our results and the results of Shimada
[34], [35].
Let XC be a projective K3 surface over C whose Picard number is 20. Such K3
surfaces are also called singular K3 surfaces. The K3 surface XC has CM by an
imaginary quadratic field E; see [13, Chapter 3, Remark 3.10]. Hence XC has a model
XK over a number field K ⊂ C which contains the image of
ǫXC : E(XC)→ EndC(H2,0(XC)) ≃ C.
Shimada showed the following results for K3 surfaces with Picard number 20 and
p 6= 2.
Theorem 8.1 (Shimada). (1) Let p 6= 2 be an odd prime number, and v a finite
place of K whose residue characteristic is p. Assume that p does not divide
disc Pic(XC), the K3 surface XK has good reduction at v, and the geometric
special fiber Xv is supersingular. Then the Artin invariant of Xv is 1, and p
does not split in E.
(2) There exists a finite set S of prime numbers containing all the prime numbers
dividing disc Pic(XC) which satisfies the following property: for every odd prime
number p /∈ {2} ∪ S and every finite place v of K whose residue characteristic
is p, if the K3 surface XK has good reduction at v, then the geometric special
fiber Xv is supersingular if and only if p does not split in E.
Proof. See [34, Proposition 5.5] and [35, Theorem 1]. 
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Remark 8.2. Shimada states above results using the Legendre symbol
(
disc Pic(XC)
p
)
.
We shall show that for an odd prime number p 6= 2,
(
disc Pic(XC)
p
)
= −1 if and only
if p does not split in E; see Lemma 8.5 below.
We shall prove our results imply Shimada’s results, and Shimada’s results also hold
in the case p = 2. More precisely, we shall prove the following result.
Theorem 8.3. Let p be a prime number. Let v be a finite place of K whose residue
characteristic is p. Assume that p does not divide disc Pic(XC), and the K3 surface
XK has good reduction at v. Then the geometric special fiber Xv is supersingular if
and only if p does not split in E. Moreover, if Xv is supersingular, its Artin invariant
is 1.
Proof. The assertions follow from Theorem 1.1, Theorem 1.2, and Proposition 8.4
below. 
Before stating Proposition 8.4, we make some preparations. Let p be a prime number
not dividing disc Pic(XC). Let (
a1 a2
a2 a3
)
be the intersection matrix of T (XC) with respect to a Z-basis e1, e2. Since T (XC) is
an even positive definite lattice, we have a1 6= 0 and a3 6= 0, and we can write a1 and
a3 in the following form: {
a1 = 2p
na′1
a3 = 2p
na′3
for some n ≥ 0 such that at least one of a′1 or a′3 is not divisible by p. Exchanging
e1, e2 if necessary, we may assume a
′
1 is not divisible by p. We shall show that the
assumption that disc Pic(XC) is not divisible by p implies the conditions of Theorem
1.2.
Proposition 8.4. Let XC be a projective K3 surface over C whose Picard number is
20. Assume that XC has CM by an imaginary quadratic field E. Let p be a prime
number not dividing disc Pic(XC). Then the following assertions hold.
• The second condition
EndHdg(T (XC))⊗Z Z(p) ≃ OE ⊗Z Z(p)
of Theorem 1.2 is satisfied, and
• there is an isomorphism of Z(p)-algebras
OE ⊗Z Z(p) ≃ Z(p)[T ]/(a′1T 2 + a2T + p2na′3).
Proof. Take a unique element α ∈ C \Q such that
αe1 + e2 ∈ T (XC)⊗Z C ≃ T 1,−1 ⊕ T−1,1
is a generator of T 1,−1 as a C-vector space. Since T 1,−1 is an isotropic line, we have
2pna′1α
2 + 2a2α + 2p
na′3 = 0.
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Hence we have [Q(α) : Q] = 2. We take f ∈ EndHdg(T (XC))⊗Z Z(p) and put{
f(e1) = xe1 + ye2
f(e2) = ze1 + we2
for some x, y, z, w ∈ Z(p). Since f preserves the Hodge structure on T (XC) ⊗Z Z(p),
there exists γ ∈ C such that f(αe1 + e2) = γ(αe1 + e2). We have
f(αe1 + e2) = α(xe1 + ye2) + ze1 + we2
= (xα + z)e1 + (yα+ w)e2.
Comparing the coefficients of e1 and e2, we have xα + z = γα and yα + w = γ.
According to the first equality, the homomorphism ǫXC maps E into Q(α), and hence
induces an isomorphism E ≃ Q(α).
We put β := pnα. Then β satisfies
a′1β
2 + a2β + p
2na′3 = 0.
In particular, we have β ∈ OQ(α)⊗ZZ(p). Multiplying p2n on the both hand sides of
xα + z = yα2 + wα, we have
pnxβ + p2nz = yβ2 + pnwβ
= −a2(a′1)−1yβ − p2na′3(a′1)−1y + pnwβ.
Comparing the coefficients of 1 and β, we have{
pnx = −a2(a′1)−1y + pnw
z = −a′3(a′1)−1y.
We claim that ǫXC induces an isomorphism
ǫXC : EndHdg(T (XC))⊗Z Z(p) ≃ Z[β]⊗Z Z(p).
If n = 0, this follows from the above equalities. If n > 0, then a2 is not divisible by p
since disc Pic(XC) is not divisible by p. Therefore, from the first equality above, we see
that y has of the form y = pny′ for some y′ ∈ Z(p). We have ǫXC(f) = γ = y′β + w ∈
Z[β]⊗Z Z(p). Hence the following morphism is induced:
ǫXC : EndHdg(T (XC))⊗Z Z(p) → Z[β]⊗Z Z(p).
From above equalities, we see that this morphism is surjective. Hence it is an isomor-
phism.
To complete the proof of Proposition 8.4, we need to show Z[β]⊗ZZ(p) = OQ(α)⊗ZZ(p).
Take s + tβ ∈ OQ(α)⊗ZZ(p) (s, t ∈ Q). We want to show s, t ∈ Z(p). Since s + tβ is
integral over Z(p), there exists a polynomial
g(T ) = T 2 + b1T + b2 ∈ Z(p)[T ]
such that g(s+ tβ) = 0. Using a′1β
2 + a2β + p
2na′3 = 0 and g(s+ tβ) = 0, we have{
s2 − p2na′3(a′1)−1t2 + b1s+ b2 = 0
2st− a2(a′1)−1t2 + b1t = 0.
From the second equality, we have t = 0 or 2s− a2(a′1)−1t+ b1 = 0.
If t = 0, we see that s ∈ Q is integral over Z(p). Hence we have s ∈ Z(p).
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We assume 2s− a2(a′1)−1t+ b1 = 0. From the first equality, we have
(a2(a
′
1)
−1t− b1)2 − 4p2na′3(a′1)−1t2 + 2b1(a2(a′1)−1t− b1) + 4b2 = 0.
Hence we have
a22 − 4p2na′1a′3
a′21
t2 + (terms of degree ≤ 1 with coefficients in Z(p)) = 0.
Since disc Pic(XC) = a
2
2−4p2na′1a′3 and it is not divisible by p, we conclude that t ∈ Q
is integral over Z(p). Hence we have t ∈ Z(p). It follows that s = (s + tβ)− tβ ∈ Q is
integral over Z(p). Hence we have s ∈ Z(p).
The proof of Proposition 8.4 is complete. 
We note that Proposition 8.4 does not hold in general for K3 surfaces over C with
CM whose Picard number is less than 20. (For counterexamples, see Example 9.8.)
In the rest of this section, we study the relation between the condition that p does
not split in E and the structure of the lattice Pic(XC).
Lemma 8.5. Let p 6= 2 be an odd prime number which does not divide disc Pic(XC).
Then,
(
disc Pic(XC)
p
)
= −1 if and only if p does not split in E.
Proof. By Proposition 8.4, we have an isomorphism
OE ⊗Z Z(p) ≃ Z(p)[T ]/(a′1T 2 + a2T + p2na′3).
Since p 6= 2, by changing the variable T , we have an isomorphism
OE ⊗Z Z(p) ≃ Z(p)[T ]/(T 2 − (a22 − 4p2na′1a′3)).
Since disc Pic(XC) = a
2
2 − 4p2na′1a′3, we see that
(
discPic(XC)
p
)
= −1 if and only if p
does not split in E. 
In the case p = 2, we always have
(
disc Pic(XC)
2
)
= 1 if disc Pic(XC) is not divisible
by 2. Alternatively, we have the following result.
Lemma 8.6. Assume that disc Pic(XC) is not divisible by 2. Then the following
conditions are equivalent:
• n = 0 and a′3 is not divisible by 2.
• 2 does not split in E.
Proof. Since disc Pic(XC) is not divisible by 2, we have
OE ⊗Z Z(2) ≃ Z(2)[T ]/(a′1T 2 + a2T + 22na′3)
by Proposition 8.4. Note that a2 is not divisible by 2 since disc Pic(XC) is not divisible
by 2. We see that 2 does not split in E if and only if 22na′3 is not divisible by 2. Hence
the assertion follows. 
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9. Examples
In this section, we show that there are Kummer surfaces over C with CM which do
not satisfy the assumptions and the conclusion of Theorem 1.2. We also recall some
basic results on Kummer surfaces with CM .
Let V be a Q-vector space with a Q-Hodge structure. Let S := ResC/RGm be the
Deligne torus, and h : S → GL(V )R the homomorphism corresponding the Q-Hodge
structure on V . The Mumford-Tate group of V is defined as the smallest algebraic
Q-subgroup MT(V ) of GL(V ) such that h(S(R)) ⊂ MT(V )(R).
Remark 9.1. (1) In [12, Section 3], the definition of the Mumford-Tate group of
V is given in a slightly different manner. It is easy to see that the Mumford-
Tate group of V in the sense of [12, Section 3] is commutative if and only if
the Mumford-Tate group MT(V ) of V given here is so.
(2) Let U1 be the kernel of the norm character Nm: S → Gm. The Hodge group
of V is defined as the smallest algebraic Q-subgroup Hdg(V ) of GL(V ) such
that h(U1(R)) ⊂ Hdg(V )(R). The following basic facts are used freely in this
paper:
• Hdg(V ) is commutative if and only if MT(V ) is so.
• For an integer n and the Tate twist V (n) := V ⊗QQ(n), we have Hdg(V ) ≃
Hdg(V (n)).
• If the Q-Hodge structure on V is of weight 0, we have MT(V ) ≃ Hdg(V ).
Recall that an abelian variety A over C has complex multiplication (CM) if the
Mumford-Tate group MT(H1(A,Q)) of the Q-Hodge structure on the first singular
cohomology H1(A,Q) is commutative. If A is a simple abelian variety over C, then A
has CM if and only if
End(A)⊗Z Q
is a commutative field over which H1(A,Q) has dimension 1. Moreover, in this case,
the field End(A)⊗Z Q is a CM field; see [12, Proposition 5.1]. Every abelian variety
A over C is isogenous to a product of simple abelian varieties, and A has CM if and
only if each simple factor has CM . It follows that an abelian variety A over C has
CM if and only if there is a Q-algebra E which is a product of CM fields and a
homomorphism
i : E → End(A)⊗Z Q
such that H1(A,Q) is a free E-module of rank 1 via i. For such E, we say A has CM
by E.
We give two lemmas on abelian varieties with CM , which are presumably well-
known to specialists.
Lemma 9.2. An abelian variety A over C with dim(A) ≥ 2 has CM if and only if the
Mumford-Tate group MT(H2(A,Q)) of the Q-Hodge structure on the second singular
cohomology H2(A,Q) is commutative.
Proof. Since the proof is standard, we omit the details. We only remark that the
kernel of the homomorphism
GL(H1(A,Q))→ GL(∧2H1(A,Q)) ≃ GL(H2(A,Q))
is {±1} since dimQH1(A,Q) = 2 dim(A) ≥ 3. 
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Let A be an abelian surface over C. We denote the Kummer surface associated with
A by Km(A). (For the construction and basic properties of Kummer surfaces, see [13,
Chapter 1, Example 1.3 (iii)].)
Lemma 9.3. An abelian surface A over C has CM if and only if the Kummer surface
Km(A) is a K3 surface with CM .
Proof. By Zarhin’s results on the Hodge group of a K3 surface [39, Theorem 2.2.1],
[39, Theorem 2.3.1], it follows that a K3 surface X over C has CM if and only if the
Mumford-Tate group MT(T (X)⊗Z Q) is commutative. (See also [37, Proposition 8].)
There is an isomorphism of Q-Hodge structures
H2(A,Q(1))⊕
⊕
1≤i≤16
Q[Zi] ≃ H2(Km(A),Q(1)),
where [Zi] are the classes of non-singular rational curves Zi ⊂ Km(A) arising from the
2-torsion points on A; see [4, Lemme 3]. It follows that
MT(T (Km(A))⊗Z Q) = MT(H2(A,Q(1))).
We achieve the proof of Lemma 9.3 from this equality and Lemma 9.2. 
Example 9.4. Let C be an elliptic curve over C with CM . The endomorphism algebra
E(C) := End(C)⊗Z Q
is an imaginary quadratic field. Let A be an abelian surface over C isogenous to the
self-product C ×C C. Then the Kummer surface Km(A) has Picard number 20, and
it has CM by E(C).
Example 9.5. Let C1 and C2 be elliptic curves over C with CM which are not
isogenous to each other. In this case, the imaginary quadratic field E(C1) is not
isomorphic to E(C2). Hence the Q-algebra E := E(C1) ⊗Q E(C2) is a CM field of
degree 4. Let A be an abelian surface over C isogenous to C1 ×C C2. It has CM
by E(C1) × E(C2). Let (E(C1), φ1) (resp. (E(C2), φ2)) be the CM type of C1 (resp.
C2). By Lemma 9.3, the Kummer surface Km(A) has CM . Considering the action of
E(C1)×E(C2) on H2(A,Q(1)) ≃ H2(C1 ×C C2,Q(1)), we see that the image of
ǫKm(A) : E(Km(A))→ EndC(H2,0(Km(A))) ≃ C
contains the elements φ1(x) for x ∈ E(C1) and φ2(y) for y ∈ E(C2). Since the Picard
number of A is equal to 2 by [26, Chapter IV, Section 20, The Rosati involution,
(3)], the Picard number of Km(A) is 18. Thus, we see that [E(Km(A)) : Q] = 4 and
E(Km(A)) is isomorphic to E. We conclude that the Kummer surface Km(A) has
CM by E and its Picard number is 18.
Example 9.6. Let A be a simple abelian surface over C with CM . The endomorphism
algebra E := End(A) ⊗Z Q is a CM field with [E : Q] = 4. The Kummer surface
Km(A) has CM by Lemma 9.3. The CM type (E,Φ) of A is primitive [26, Chapter
IV, Section 22, Remark (1)]. We put Φ = {φ1, φ2}. Recall that the reflex field E∗ is
the subfield of C generated by the elements φ1(x) + φ2(x) for x ∈ E. Let E∗0 be the
subfield of C generated by the elements φ1(x)φ2(x) for x ∈ E. Since
φ1(x) + φ2(x) = φ1(x+ 1)φ2(x+ 1)− φ1(x)φ2(x)− 1 ∈ E∗0 ,
we have E∗ ⊂ E∗0 . Conversely, since
2φ1(x)φ2(x) = (φ1(x) + φ2(x))
2 − (φ1(x2) + φ2(x2)) ∈ E∗,
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we have E∗0 ⊂ E∗. Since [E : Q] = 4 and the CM type (E,Φ) is primitive, the
reflex field E∗ satisfies [E∗ : Q] = 4; see [36, Example 8.4]. Considering the action of
E = End(A)⊗Z Q on H2(A,Q(1)), we see that the image of
ǫKm(A) : E(Km(A))→ EndC(H2,0(Km(A))) ≃ C
contains the elements φ1(x)φ2(x) for x ∈ E. Since the Picard number of A is equal to
2 by [26, Chapter IV, Section 20, The Rosati involution, (3)], the Picard number of
Km(A) is 18. Hence we have [E(Km(A)) : Q] = 4. Therefore the image of E(Km(A))
by ǫKm(A) is equal to E
∗. We conclude that the Kummer surface Km(A) has Picard
number 18, and it has CM by the reflex field E∗ of the CM type (E,Φ) of A.
Currently, we do not know how to generalize Theorem 1.2 to K3 surfaces with CM
not satisfying the assumptions of Theorem 1.2. We shall give some examples. In
Example 9.7 below, we shall construct a Kummer surface over C with CM such that
it does not satisfy the assumptions of Theorem 1.2 but the conclusion of Theorem 1.2
holds for it.
Example 9.7. Let E be an imaginary quadratic field such that there is a prime
number p 6= 2 which is ramified in E. Let C be an elliptic curve over C with CM
by E. We put A := C ×C C. As in Remark 1.3, the elliptic curve C is defined over
a number field K containing E, it has potential good reduction at a finite place v of
K above p, and the good reduction of C is supersingular. It follows that Km(A) has
potential good reduction at v, the reduction is supersingular, and the Artin invariant
of the reduction is 1 by [27, Corollary 7.14]. By Proposition 2.4, the Kummer surface
Km(A) does not satisfy the assumptions of Theorem 1.2. Nevertheless, it satisfies the
conclusion of Theorem 1.2.
Finally, we shall construct a Kummer surface over C with CM such that it does
not satisfy the second assumption of Theorem 1.2 and the conclusion of Theorem 1.2
does not hold for it.
Example 9.8. Let C1 and C2 be elliptic curves over C with CM satisfying E(C1) =
Q(
√−5), End(C1) = OQ(√−5), E(C2) = Q(
√−15), and End(C2) = OQ(√−15). We put
E := Q(
√−5,√−15) and A := C1 ×C C2. By Example 9.5, the Kummer surface
Km(A) has CM by E. The Ne´ron-Severi lattice NS(A) of A is isomorphic to the
hyperbolic plane U , i.e. U is the lattice U := Ze ⊕ Zf whose intersection product is
given by (e, e) = (f, f) = 0 and (e, f) = 1. Let
T (A) := NS(A)⊥ ⊂ H2(A,Z(1)).
be the transcendental lattice of A. We have
T (A) ≃ (H1(C1,Z)⊗Z H1(C2,Z))(1).
It is known that there is an isomorphism of Z-Hodge structures
φ : T (A)
≃
// T (Km(A))
such that (φ(x), φ(y)) = 2(x, y) for every x, y ∈ T (A); see [13, Chapter 3, Section 2.5].
Therefore, the discriminant disc T (Km(A)) is not divisible by any odd prime number
p 6= 2. Now, we take p = 5. The canonical isomorphism
EndZ(H
1(C1,Z))⊗Z EndZ(H1(C2,Z)) ≃ EndZ(H1(C1,Z)⊗Z H1(C2,Z))
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induces an injection
EndHdg(H
1(C1,Z))⊗Z EndHdg(H1(C2,Z))→ EndHdg(H1(C1,Z)⊗Z H1(C2,Z))
whose cokernel is torsion-free. Composing it with the following isomorphisms
EndHdg(H
1(C1,Z)⊗Z H1(C2,Z)) ≃ EndHdg(T (A)) ≃ EndHdg(T (Km(A))),
we have an injective homomorphism
EndHdg(H
1(C1,Z))⊗Z EndHdg(H1(C2,Z))→ EndHdg(T (Km(A)))
whose cokernel is torsion-free. Since the both hand sides are free Z-modules of rank
4, this injection is an isomorphism. Hence we have
EndHdg(T (Km(A))) ≃ EndHdg(H1(C1,Z))⊗Z EndHdg(H1(C2,Z))
≃ End(C1)⊗Z End(C2)
≃ OQ(√−5)⊗Z OQ(√−15) .
On the other hand, we see that
√
3 is in OE ⊗ZZ(5), but
√
3 =
√−15/√−5 is not in
(OQ(
√−5)⊗Z OQ(√−15)) ⊗Z Z(5). Hence EndHdg(T (Km(A))) ⊗Z Z(5) is not isomorphic
to OE ⊗Z Z(5). Therefore the Kummer surface Km(A) does not satisfy the second
assumption of Theorem 1.2 for p = 5.
As in Remark 1.3, the elliptic curve C1 (resp. C2) is defined over a number field K
containing E, and it has potential good reduction at a finite place v of K above 5.
Since 5 is ramified in Q(
√−5) (resp. Q(√−15)), the good reduction of C1 (resp. C2) is
supersingular. It follows that Km(A) has potential good reduction at v, the reduction
is supersingular, and the Artin invariant of the reduction is 1 by [27, Corollary 7.14].
Since 5 is inert in the maximal totally real subfield F := Q(
√
3) of E, the Kummer
surface Km(A) does not satisfy the conclusion of Theorem 1.2.
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